In this paper, we investigate the block that has an abelian defect group of rank 2 and its Brauer correspondent has only one simple module. We will get an isotypy between the block and its Brauer correspondent. It will generalize the result of Kessar and Linckelmann ([5]).
) and moreover
Similarly, we can prove that [D, Hence, by Lemma 2.2, we have E = E 1 × E 2 and P = P 1 × P 2 such that (i) E 1 acts faithfully on P 1 and centralises P 2 ; (ii) E 2 acts faithfully on P 1 and centralises P 1 ;
(iii) E 1 ∼ = E 2 are cyclic groups of order l, which l is a positive integer dividing (p − 1). We can easily describe the source algebra of the block c by the structure theory of blocks with normal defect groups and the structure of inertial quotient E. It is well-known that there exists a central extension
with Z cyclic p ′ -group such that there is an irreducible ordinary character θ of Z which is covered by a unique irreducible character ofẼ. Let e θ ∈ OZ be the central idempotent corresponding to θ. Set N = P ⋊Ẽ.
Then ON e θ is the source algebra of the block c. Note that e θ is still a block of C N (R) for any R ≤ P . The following lemma gives some information about the degrees and number of irreducible ordinary characters of ON e θ , which is similar with [5, Proposition 5.3] . We will skip the proof.
Lemma 2.3. Set A to be ON e θ . Then the degree of an element of Irr K (A) is either l or l 2 and Irr K (A) has p n + p m − 1 elements of degree l and
3 The extension of local system
Keep the notation as above. In this section, we will use the so-called (G, b)-local system introduced by Puig and Usami in [9] to prove the main theorem.
First, let us recall some notation and state the definition of (G, b)-local system under our setting (see [9] ).
Let CF K (G) be the vector space of K-valued class functions of G and BCF K (G) be the vector space of K-valued class functions on the set G p ′ of p ′ -elements of G. It is clear that the set of irreducible ordinary characters of G is a K-basis of CF K (G) and the set of irreducible Brauer characters of G is a K-basis of BCF K (G). For χ, χ ′ ∈ CF K (G), we denote by χ, χ ′ the inner product of χ and χ ′ .
Let u be a p-element of G. we have the well-known surjective
With the above notation and assumption. Let X be an E-stable non-empty set of subgroups of P and assume that X contains any subgroup of P containing an element of X. Let Γ be a map over X sending Q ∈ X to a bijective isometry
If Γ satisfies the following conditions, then Γ is called a (G, b)-local system over X.
(ii) For any Q ∈ X and any η ∈ L K (C N (Q), e θ ), the sum
where u runs over a set of representatives U Q for the orbits of C E (Q) in P , is a generalized character of
Let Γ be a (G, b)-local system over X. Such Γ always exists by [9, 3.4.2] . For any Q ∈ X, we have a map
Then by [9, 3.3 and 3.4 ] ∆ Q gives a perfect isometry between the block e θ of C N (Q) and the block b Q of
denotes the set of C E (Q)-stable elements of CF K (P ) and * denotes the * -construction of charaters due to Broué and Puig (see [2] ). Hence, if X contains the trivial subgroup 1 of P , then ∆ 1 induces a perfect isometry between the block e θ of N and the block b of G. Moreover, this is an isotypy in the sense of [1] by [13, Proposition 2.7] .
In [9] , Puig and Usami developed a criterion for the extendibility of the (G, b)-local system. With the notation above. Suppose that 1 ∈ X and let Q be a maximal subgroup of P such that Q ∈ X. Denote by 
The following is the key criterion of extendibility. 
In order to prove Theorem 1.1, it suffices to show that there is a (G, b)-local system over the set of all the subgroups P . Hence, by Proposition 3.2, we can assume that there is a (G, b)-local system Γ over X such that 1 ∈ X and Q is a maximal subgroup of P such that Q ∈ X. Theorem 3.3. With the notation above and assumptions of Section 2. Then∆
Proof. By the structure of E and P , C E (Q) has only three possibilities: 1, E and E 1 or E 2 . So we will divided the proof into 3 cases.
Then the blocks e θ of C N (Q) and b Q of C G (Q) are nilpotent. By the same argument as in [9, 4.4 
],∆
• Q can be extended to an N E (Q)-stable bijective isometry∆ Q .
Case 2 Assume that C E (Q) = E. Then Q has to be trivial subgroup of P and N E (Q) = E. SoC N (Q) = N andC G (Q) = G and we have a bijective isometry∆ 
where Λ 1 consists of irreducible ordinary characters of dimension l and Λ 2 consists of irreducible ordinary characters of dimension l 2 . Hence,
Since p is odd, |Λ 
for some integer a and some element Ξ ∈ L K (N, e θ ) not involving any of elements in Ω 1 . Since µ, ψ 2 −ψ
), Ξ must involve one of the two characters occuring in∆
Taking norms on both sides in equation (3.1), we have
Suppose that a ≤ 0. Since a is integer and p n + p m − 1, l are positive integers, a has to be 0.
Suppose that a > 0. Since
. This forces a = 1. Hence, a = 0 or 1. Notice that Ξ = 0. This implies (3.2) is a proper inequality. So a must be 0.
Then equation (3.1) becomes∆
Comparing norms, we have Ξ, Ξ = 1.
respectively, where i = 1, 2. In particular, l G (b) = l N (e θ ) = 1. Clearly, it is an extension of∆
• . Sincē ∆
• is E-stable and l G (b) = l N (e θ ) = 1,∆ is also E-stable.
Case 3 Assume that C E (Q) = E i for some i = 1, 2. We can assume that C E (Q) = E 1 and then 1 = Q ≤ P 2 and N E (Q) = E. It suffices to prove that∆
is the preimage of E 1 inẼ. Hence, E 1 is the inertial quotient of the block e θ of C N (Q) and P 1 is a hyperfocal subgroup with respect to E 1 . By [12, Theorem 1], l CN (Q) (e θ ) = l. We will claim that N acts transitively on IBr(C N (Q), e θ ). Indeed, this holds because l N (e θ ) = 1 by the assumption and N/C N (Q) ∼ = E 2 is a cyclic group of order l.
Denote by Irr K (Ẽ 1 ) θ the subset of Irr K (Ẽ 1 ) consisting of characters covering θ. Then |Irr K (Ẽ 1 ) θ | = l and Z (τ i ) = θ for any i and IndẼ
We will write Ind
as Ind(ξ) andχ respectively for simplicity. Here,χ is an element of CF K (P 1 ⋊Ẽ 1 ). Clearly, Ind(ξ) is N and E 2 -stable for any ξ ∈ M . Similar to the argument of [11, Case 2],
Indeed, considering the canonical map from OH to O(H/Q), denote byX the image of X under this canonical map for any subset X of OH. Thenb Q is still a block ofC G (Q) andH/C G (Q) is a cyclic group of order l. By [6, Lemma 3.5], BrP (b Q ) = Br P (b Q ). Since l NH (P ) (d) = 1,d is still a block ofN H (P ). Therefore, BrP (b Q ) =d is a block ofN H (P ). Suppose that the blocks ofH covering the blockb Q of C G (Q) have the same defect groupP . Thenb Q is a block ofH since BrP (b Q ) is a block ofN H (P ) and NH (P ) =N H (P ). Hence, it has a defect groupP which is cyclic by our assumption. In particular, we have
. Consequently, the argument follows from the lemma below.
of L with defect group D. For any block e of K covering i, e has defect group D.
Proof. We will prove it by induction on K/L. Let M ≤ K such that M contains L and |M/L| is a prime. Moreover, we claim that there is a regular E 2 -orbit of Irr K (C G (Q),b Q ), namely, H acts transitively on it. Indeed, since the blockb Q ofH has a cyclic defect group, it must be nilpotent. By [8, Theorem 3.13] , the blockb Q ofC G (Q) is basic Morita equivalent to its Brauer correspondent. Note that the blockb Q of C G (Q) is not nilpotent since l > 1. This implies that every irreducible Brauer character of the blockb Q of C G (Q) can be uniquely lifted to an irreducible ordinary character by the theory of cyclic blocks.
On the other hand, since l CG(Q) (b Q ) = l and l H (b Q ) = 1 and H/C G (Q) ∼ = E 2 has order l, H acts transitively on IBr(C G (Q), b Q ). Combining this with the argument above, there exits a regular H-orbit of
We are done.
a | a ∈ E 2 } and {χ a | a ∈ E 2 } respectively, then we can define a bijective isometry as below∆
It is evident that it is an extension of∆
• Q and E 2 -stable. We are done for this case.
Then there are at least two different
. This means that χ 1 and χ 2 are both E 2 -stable.
If
and χ 3 is E 2 -stable; then we may choose the notation in such a way that
and χ is E 2 -stable.
In conclusion, we have an injective isometry
mapping Ind(ξ) to δχ ξ such that
and χ ξ is E 2 -stable for any ξ, ξ
by Ω. Then |Ω| = l and E 2 acts on Ω. Since there is a regular
, E 2 acts regularly on Ω. This means that Ω can be represented as {χ a | a ∈ E 2 } for some χ ∈ Ω.
Now we fix an element ξ of M . Suppose that χ does not get involved in∆
Hence, χ has to get involved in∆
. This is impossible. So χ must get involved in∆
δ a χ a , where δ a ∈ {±1} for any a ∈ E 2 . Note that the last situation can happen if and only if |M | = 2. By switching χ ξ and χ ξ ′ if necessary, we can assume that
Q is E 2 -stable and E 2 acts regularly on Ω, δ a is equal to δ for any a ∈ E 2 . Then we can define an E 2 -stable bijective isometry as follows
It is clear that∆ Q is an extension of∆
. Now we fix an element ξ ∈ M . Since p is odd, |P 2 | ≥ 3. Then there are at least two elementsζ andζ
With the same argument in the first three paragraphs in Case 3.1.2, we can get a subset {χ ξ , χζ | 1P
for any 1P 2 =ζ ∈ Irr K (P 2 ), where δ ∈ {±1}.
Given any 1 = a ∈ E 2 and 1P
Hence, we have χ ξ is E 2 -stable and a χζ = χaζ. On the other hand,
Since∆
• Q is compatible with * -structure, using∆
• Q on both sides in the above equality, we can get
Therefore, χζ = χ ξ * ζ for any 1P 2 =ζ ∈ Irr K (P 2 ). Suppose that there is another element ξ ′ of M different from ξ. Similarly, we can get a subset {χ ξ ′ * ζ |ζ ∈
. This is impossible. Thenζ 0 is non-
} acts freely on irreducible ordinary characters of height zero in the blockb Q ofC G (Q) (see [10, §1] ). Hence,ζ 2 0 = 1P 2 since the defect group of the blockb Q ofC G (Q) is cyclic. But it is impossible because p is odd. Then {χ ξ * ζ |ζ ∈ Irr K (P 2 )} ∩ {χ ξ ′ * ζ |ζ ∈ Irr K (P 2 )} = ∅ for any different ξ, ξ ′ ∈ M . It is clear that χ ξ * ζ is an irreducible ordinary character in the blockb Q of C G (Q) by [2, Corollary] . Then we get an injective isometry
With the same arguments as above, we can get an element χ τ of Irr K (C G (Q),b Q ) and δ τ ∈ {±1} such that∆
which is impossible. Hence, χa τ = a χ τ and δa τ = δ τ for any a ∈ E 2 since E 2 acts transitively on Irr K (Ẽ 1 ) θ .
And we denote δ τ by δ. By the facts that τ − τζ, τ ′ − τ ′ζ′ = 0 and Ind(ξ) − Ind(ξ)ζ, τ − τζ ′ = 0 for any τ = τ ′ ∈ Irr K (Ẽ 1 ) θ and ξ ∈ M andζ,ζ ′ ∈ Irr K (P 2 ) − {1P 2 }, we can get {χ τ * ζ |ζ ∈ Irr K (P 2 )} ∩ {χ τ ′ * ζ |ζ ∈ Irr K (P 2 )} = ∅ and {χ ξ * ζ | ξ ∈ M,ζ ∈ Irr K (P 2 )} ∩ {χ τ * ζ | τ ∈ Irr K (Ẽ 1 ) θ ,ζ ∈ Irr K (P 2 )} = ∅.
Hence, we have a well-defined E 2 -stable bijective isometry as below
Ind(ξ)ζ → δ ξ χ ξ * ζ a τζ → δ a χ τ * ζ.
It suffices to show that∆ Q is an extension of∆ Keep the notation as above. Suppose that there are τ andζ such that χ τ * ζ gets involved in∆ 
